In this paper, we study the weighted sums of multiple t-values and of multiple t-star values at even arguments. Some general weighted sum formulas are given, where the weight coefficients are given by (symmetric) polynomials of the arguments.
Introduction
We begin with some basic notation. A finite sequence k = (k 1 , . . . , k n ) of positive integers is called an index. We put |k| := k 1 + · · · + k n , d(k) := n, and call them the weight and the depth of k, respectively. If k 1 > 1, k is called admissible. Let I(k, n) be the set of all indices of weight k and depth n.
For an admissible index k = (k 1 , . . . , k n ), the multiple zeta value and the multiple zeta-star value are defined by ζ(k) ≡ ζ(k 1 , k 2 , . . . , k n ) := m 1 >m 2 >···>mn>0 1 m k 1 1 m k 2 2 · · · m kn n and ζ ⋆ (k) ≡ ζ ⋆ (k 1 , k 2 , . . . , k n ) := m 1 m 2 ··· mn 1 1 m k 1 1 m k 2 2 · · · m kn n , respectively. The systematic study of multiple zeta values began in the early 1990s with the works of Hoffman [6] and Zagier [16] . After that it has been attracted a lot of research on them in the last three decades (see, for example, the book of Zhao [18] ).
If f (x 1 , . . . , x n ) = 1, we set T (2m, k, n) = T f (2m, k, n), T ⋆ (2m, k, n) = T ⋆ f (2m, k, n). There are some work on the evaluations of the sums T (2m, k, n). For example, using similar but more complicated ideas from [14] Shen and Cai gave a few sum formulas of T (2, k, n) for n 5 in [13] . In [17] , Zhao gave two explicit formulas of T (2, k, n). Furthermore, Shen and Jia [15] gave some explicit evaluation formulas of T (2m, k, n). We remark that as for multiple zeta values, one can obtain the evaluation formulas of T (2m, k, n) and T ⋆ (2m, k, n) algebraically. In fact, using [7, Theorem 2.3] and [10, Proposition 3 .26], one can express T (2m, k, n) and T ⋆ (2m, k, n) in terms of t(2m, . . . , 2m) and t ⋆ (2m, . . . , 2m). Then one gets evaluation formulas of T (2m, k, n) and T ⋆ (2m, k, n) from that of multiple t and t-star values with all arguments equal to the same even number 2m.
In this paper, using a similar method as in [11] , we study the weighted sums T f (2, k, n) and T ⋆ f (2, k, n) . Our main result is the following theorem. Theorem 1.1 Let n, k be positive integers with k n. Let f (x 1 , . . . , x n ) ∈ Q[x 1 , . . . , x n ] be a symmetric polynomial of degree r. Then we have
and
depend only on l and f , and with deg c f,l (x), deg c ⋆ f,l (x) r + n − 2l − 1. To prove Theorem 1.1, we use the symmetric sum formulas of multiple t-values and of multiple t-star values [7, Theorems 2.5 and 2.8]. Then we find it is sufficient to study the weighted sums of the products of t-values at even integers and prove the following theorem. Theorem 1.2 Let n, k be positive integers with k n. Let f (x 1 , . . . , x n ) ∈ Q[x 1 , . . . , x n ] be a polynomial of degree r. Then we have
depends only on l and f , and with deg e f,l (x) r + n − 2l − 1.
Note that the polynomial f (x 1 , . . . , x n ) in Theorem 1.2 is not necessarily symmetric.
To prove Theorem 1.2, we use Euler's formula [7, Eq. (1.4) ], which expresses t(2k) by the Bernoulli numbers. Then it is enough to treat the weighted sums of products of the Bernoulli numbers. And we do this by using the generating function of the Bernoulli numbers. We give the proofs of Theorem 1.2 and Theorem 1.1 in Section 2.
Although the weighted sum formulas (1.1)-(1.3) are not so concrete, one can get the explicit formulas for given positive integers n, k and a given polynomial f according to the procedure of our proof. We list some weighted sum formulas as examples in Appendix A.
Proofs

Preliminary knowledge
We begin with the definition of the Bernoulli numbers. The generating function of the Bernoulli
.
and B i = 0 for odd i 3, we find that
Hence, F (x) is an even function.
. Then we have
Therefore, one can get the following theorem without difficulty.
Theorem 2.1 For any nonnegative integer m,
Here F mi (x) are polynomials determined by F 00 (x) = x 2 , F 01 (x) = −1 and the recurrence rela-
In particular, for any integers m, i with 1 i m + 1, we have F mi (x) ∈ Z[x]. From (2.2), we deduce that for any nonnegative integer m,
In general, we have the following result. . Then we obtain
from which one can deduce the desired result. Now we have F m0 (x) = c m0 x with c m0 = 1 2 , and for any integers m, i with the condition 1 i m + 1, we have
with the recurrence relation
and c m,m+1 = −m!. In particular, according to the recurrence relation above, we deduce that if m is a nonnegative integer, then c m1 = (−1) m+1 .
The following result will be used later.
Proposition 2.3
For any nonnegative integer m, we have
4)
where δ i,j is Kronecker's delta.
Proof. We prove (2.3) by induction on m. The case of m = 0 follows from the fact F 01 (t) = −1. Now assume that m 1, using the recurrence formula (2.2), we arrive at
Then we get (2.3) from the inductive hypothesis. Thus, comparing the coefficients of x m of both sides of (2.3), we obtain the desired result (2.4). Now we use matrix computations to express H(x) i by D m F (x). First, for any nonnegative integer m, we define a (m + 1)
It is clear that for m 1, we have
). Hence, the identity (2.1) can be rewritten as  5) and the identity (2.3) can be rewritten as
Therefore, we need to obtain a description of A m (x) −1 . From linear algebra, we know that the
provided that A and B are invertible square matrices. Hence by induction on m, we find that the inverses A m (x) −1 satisfy the recursive formula
For any nonnegative integer m, set
Then from (2.6), for any positive integer i, we get
Moreover, it is easy to prove that for a nonnegative integer m, the functions
are linearly independent over the rational function field Q(x). For a proof one can refer to [11, Lemma 2.6 ]. Next, we give some properties of the polynomials G ij (x).
Proposition 2.4
Let m and i be integers.
(1) For any m 0, we have G m,m+1 (x) = − 1 m! ;
(2) For 1 i m, we have the recursive formula
Then we have d m,m+1 = − 1 m! and
Proof. The assertions in items (1) and (2) follow from (2.7). To prove the item (3), we proceed by induction on m. For the case of m = 0, we get the result from G 01 (t) = −1. Assume that
with degree zero. For 1 i j m, by the induction assumption, we may set
Using (2.9), we finally get
The item (4) follows from the above proof.
Corollary 2.5 For any nonnegative integer m, we have d m1 = −1.
Proof. We use induction on m. If m 1, using (2.10) and the induction assumption, we get
By (2.4), we have
which implies the result.
A weighted sum formula of the Bernoulli numbers
Let n be a fixed positive integer, and m 1 , . . . , m n be fixed nonnegative integers. Set |m| n :=
Therefore, for any positive integer k with k n, the coefficient of
Next, using (2.1), we have
and deg F i (x) |m| n − i for any nonnegative integer i.
Proof. For integers i 1 , . . . , i n with the conditions i 1 + · · · + i n = i and 0 i j m j + 1, we have
Proposition 2.7 Let j be a nonnegative integer with j |m| n . Then
(1) the function R j (x) is even;
(2) we have
In particular, deg R 0 (x) n;
(3) for j > 0, we have deg R j (x) |m| n −j. Moreover, we have deg R 1 (x) |m| n −2 provided that n is even or m 1 , . . . , m n are not all zero.
Proof. Since D m F (x) is even, we have
Using the fact that the functions 1, F (x), DF (x), . . . , D m F (x) are linearly independent over the rational function field Q(x), we know all R j (x) are even functions. By the definition of F i (x), we have
Then we get (2) from the fact that F m0 (x) = 1 2
x and the expression of F 0 (x).
then the coefficient of x m+1−i in F mi (x) is c mi for any integers m, i with the condition 0 i m + 1. Since
and d i−1,1 = −1, we find the coefficient of
more precisely which equals
by (2.4) . Then the coefficient of
which is zero if n is even or at least one m i is not zero. Let a jl ∈ Q be the coefficient of x 2l in the even polynomial R j (x), then we have
a jl x 2l .
(2.12)
Moreover, from Proposition 2.7, it is clear that if n is even or m 1 , . . . , m n are not all zero, then
Hence we have
Changing the order of the summation yields
Then the coefficient of
provided that k n. Finally, comparing (2.13) with (2.11), we get a weighted sum formula of the Bernoulli numbers.
Theorem 2.8 Let n, k be positive integers with k n. Then for any nonnegative integers m 1 , . . . , m n , we have
14)
where T = max{[(|m| n − 2)/2], [(n − 1)/2]} and a jl are determined by (2.12).
Proof of Theorem 1.2
Now, we prove the weighted sum formula (1.3) of t-values at even arguments. Using Euler's formula of ζ(2k), we have
Then from Theorem 2.8, we get the following weighted sum formula of t-values at even arguments.
Theorem 2.9 Let n, k be positive integers with k n. Then for any nonnegative integers m 1 , . . . , m n , we have k 1 +···+kn=k k j 1 k m 1 1 · · · k mn n t(2k 1 ) · · · t(2k n )
where ζ(0) = −1/2 and t(0) = 0, T = max{[(|m| n − 2)/2], [(n − 1)/2]} and a jl are determined by (2.12).
Finally, from Theorem 2.9, we prove Theorem 1.2.
Proof of Theorem 1.1
Next, we use the symmetric sum formulas of Hoffman [7, Theorems 2.5 and 2.8] to prove Theorem 1.1. For a partition Π = {P 1 , P 2 , . . . , P i } of the set {1, 2, . . . , n}, let l j = ♯P j and
We also denote by P n the set of all partitions of the set {1, 2, . . . , n}. Then the symmetric sum formulas of multiple t-values are σ∈Sn t(k σ(1) , . . . , k σ(n) ) = Π∈Pnc (Π)t(k, Π) (2.17) and σ∈Sn t ⋆ (k σ(1) , . . . , k σ(n) ) = Π∈Pn c(Π)t(k, Π), (2.18) where k = (k 1 , . . . , k n ) is an index with all k i > 1, S n is the symmetric group of degree n and for a partition Π = {P 1 , . . . , P i } ∈ P n ,
Now let k = (2k 1 , . . . , 2k n ) with all k i positive integers. Using (2.17) and (2.18), we have
From now on, let k, n be fixed positive integers with k n, and let f (x 1 , . . . , x n ) be a fixed symmetric polynomial with rational coefficients. It is easy to see that (k 1 ,...,kn)∈I(k,n) f (k 1 , . . . , k n ) σ∈Sn t(2k σ(1) , . . . , 2k σ(n) ) =n! (k 1 ,...,kn)∈I(k,n) f (k 1 , . . . , k n )t(2k 1 , . . . , 2k n ) = n!T f (2, k, n) and (k 1 ,...,kn)∈I(k,n)
On the other hand, for a partition Π = {P 1 , . . . , P i } ∈ P n with ♯P j = l j , we have f (k 1 , . . . , k n )t(2s 1 ) · · · t(2s i ).
(2.21)
To treat the inner sum about f (k 1 , . . . , k n ) in the right-hand side of (2.21), we need the following lemma.
Lemma 2.10 ( [11, Lemma 4.2]) Let k and n be integers with k n 1, and let p 1 , . . . , p n be nonnegative integers. Then there exists a polynomial g(x) ∈ Q[x] of degree p 1 +· · ·+p n +n−1, such that k 1 +···+kn=k k j 1 k p 1 1 · · · k pn n = g(k).
Using Lemma 2.10, there exists a polynomial g s 1 ,...,s i (x 1 , . . . ,
Therefore we get
is the number of partitions Π = {P 1 , . . . , P i } ∈ P n with the conditions ♯P j = l j for j = 1, 2, . . . , i. Thus, applying Theorem 1.2, we prove the weighted sum formulas (1.1) and (1.2).
A Some weighted sum formulas through depth 4
In this appendix, we list some explicit weighted sum formulas of depth n 4. For any positive integers k, n with k n, we set 
A.1 Weighted sum formulas of the Bernoulli numbers
Recall that β 2i = (2 2i − 1)B 2i . If n = 2, we have
If n = 3, we have
If n = 4, we have (4) β 2k 1 β 2k 2 β 2k 3 β 2k 4 (2k 1 )!(2k 2 )!(2k 3 
k 3 1 k 2 t(2k 1 )t(2k 2 ) = 1 480 k(2k − 1)(2k + 1)(6k 2 − 1)t(2k) + 1 32 (2k − 3)(2k 2 − 6k + 5)ζ(2)t(2k − 2) + 3 32 (2k − 5)ζ(4)t(2k − 4), (2) k 2 1 k 2 2 t(2k 1 )t(2k 2 ) = 1 480 k(2k − 1)(2k + 1)(4k 2 + 1)t(2k) If n = 3, we have
k 1 t(2k 1 )t(2k 2 )t(2k 3 ) = 1 12 k(k − 1)(2k − 1)t(2k) − 1 8 kζ(2)t(2k − 2), 
k 1 k 2 t(2k 1 )t(2k 2 )t(2k 3 ) = 1 96 k(k − 1)(2k − 1)(2k + 1)t(2k) 
k 1 k 2 k 3 t(2k 1 )t(2k 2 )t(2k 3 ) = 1 480 k(k − 1)(k + 1)(2k − 1)(2k + 1)t(2k) 
